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CHARACTERIZATION OF QUASI-ALTERNATING MONTESINOS LINKS
KHALED QAZAQZEH, NAFAA CHBILI, AND BALKEES QUBLAN
Abstract. We construct an infinite family of quasi-alternating links from a given quasi-
alternating link by replacing a crossing by a product of rational tangles each of which extends
that crossing. Consequently, we determine an infinite family of quasi-alternating Montesinos
links. This family contains all the classes of quasi-alternating Montesinos links that have been
detected by Widmar in [W]. We conjecture that this family contains all quasi-alternating
Montesinos links up to mirror image that are not alternating and this will characterize all
quasi-alternating Montesinos links.
1. introduction
Quasi-alternating links were introduced by Ozsvath and Szabo in [OS, Definition. 3.9] as a
natural generalization of alternating links. The definition is given in a recursive way:
Definition 1.1. The set Q of quasi-alternating links is the smallest set satisfying the following
properties:
• The unknot belongs to Q.
• If L is link with a diagram containing a crossing c such that
(1) both smoothings of the diagram of L at the crossing c, L0 and L1 as in figure 1
belong to Q,
(2) det(L0), det(L1) ≥ 1,
(3) det(L) = det(L0) + det(L1); then L is in Q and in this case we say L is quasi-
alternating at the crossing c.
L L0 L1
Figure 1. The link diagram L at crossing c with sign(c) = −1 and its smooth-
ings L0 and L1 respectively.
Studying quasi-alternating links becomes an interesting problem in the last few years. It has
been shown in [MO] that they are homologically thin for both Khovanov homology and knot
Floer homology. In other words, their Khovanov homology and knot Floer homology depend
only on the Jones and the Alexander polynomials respectively and the signature of the given
link.
The class of quasi-alternating links contains the class of alternating links as it has been
shown in [OS, Lemma. 3.2]. Champanerkar and Kofman in [CK] determine an infinite family of
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quasi-alternating pretzel links by twisting any known quasi-alternating pretzel link. Later on,
Greene in [G] characterized all quasi-alternating pretzel links. In this paper, we generalize the
technique of twisting to construct an infinite family of quasi-alternating Montesinos links. This
infinite family include all classes of quasi-alternating Montesinos links detected by Widmar in
[W]. Moreover, we conjecture that this family contains all quasi-alternating Montesinos links
up to mirror image that are not alternating.
2. Montesinos Links
Montesinos links are natural generalization of rational links. They have been classified first
by the authors of [BoSi] and for further details and more recent reference see [BZ].
Definition 2.1. A Montesinos link has a diagram as shown in figure 2. In this diagram, e is
an integer that represents number of half twists and the box αi, βi stands for a rational tangle
with slope βi
αi
of two coprime integers αi > 1 and βi whose continued fraction is given by
βi
αi
=
1
an +
1
an−1 +
1
.. . +
1
a1
.
The continued fraction for any rational number β
α
will be denoted by [a1, a2, . . . , an] from now
on.
(a) (b)
Figure 2. Montesinos link diagram in (a) with e = 4. (b) represents the
rational tangle with slope 731 with continued fraction [4, 2, 3].
The Montesinos links are classified by the following theorem:
Theorem 2.2. [B, BoSi] The Montesions link M(e; (α1, β1), (α2, β2), . . . , (αr, βr)) with r ≥ 3
and
∑r
j=1
1
αj
≤ r−2, is classified by the ordered set of fractions ( β1
α1
(mod 1), β2
α2
(mod 1), . . . ,
βr
αr
(mod 1)) up to cyclic permutations and reversal of order, together with the rational number
e0 = e−
∑r
j=1
βj
αj
.
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Definition 2.3. A Montesinos link M(e; (α1, β1), (α2, β2), . . . , (αr, βr)) is in standard form if
0 < βi
αi
< 1 for i = 1, 2, . . . , r.
Remark 2.4. Any Montesinos link can be put into a standard form using the above theorem.
Definition 2.5. A rational tangle extends the crossing c if it contains the crossing c and for
all i we have sign(c)ai ≥ 1 ([CK, Page. 2452]). The product of rational tangles extends the
crossing c if each rational tangle in the product extends the crossing c. For the definition of
product of two rational tangles and more details of this subject see [KL1, Section. 2].
For a given sequence of nonnegative integers [a1, a2, . . . , an], the authors of [KL] define a new
sequence of positive integers recursively by
T (0) = 1, T (1) = a1, T (m) = amT (m− 1) + T (m− 2).
They show that T (n) is equal to the determinant of the rational link Kα,β with slope
β
α
of
two coprime integers α > 1 and β whose continued fraction is [a1, a2, . . . , an]. For our use, we
define
←−
T (m) to be T (m) after replacing ai with aj where i+ j = n+ 1. Therefore, we obtain
←−
T (0) = 1,
←−
T (1) = an,
←−
T (m) = an−m+1
←−
T (m− 1) +
←−
T (m− 2),
for the above sequence of nonnegative integers.
Remark 2.6. It is clear that if [a1, a2, . . . , an] is a continued fraction of
β
α
, then [−a1,−a2, . . . ,
− an] is a continued fraction of
−β
α
.
Lemma 2.7. For any positive rational number β
α
, there is a continued fraction [a1, a2, . . . , an]
of nonnegative integers.
Lemma 2.8. Let [a1, a2, . . . , an] be a continued fraction of
β
α
of nonnegative integers, then
T (n− 1) = β and T (n) = α.
Proof. We first show that T (n) and T (n− 1) are relatively prime. Using the recursive formula
for T (n), we can see that if d|T (n) and d|T (n− 1), then d|T (n− 2). Now if repeat this process
we obtain that d|T (0) = 1.
Now, we have
T (n)
T (n− 1)
=
anT (n− 1) + T (n− 2)
T (n− 1)
= an +
T (n− 2)
T (n− 1)
= an +
1
T (n−1)
T (n−2)
= an +
1
an−1 +
T (n−3)
T (n−2)
...
= an +
1
an−1 +
1
.. . +
1
a1
=
α
β
.

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Lemma 2.9. For any sequence of nonnegative integers [a1, a2, . . . , an] with am > 1, we have
T (m− 1) + T1(m) = T (m),
←−
T (m− 1) +
←−
T 1(m) =
←−
T (m),
where T1(m), and
←−
T 1(m) are T (m), and
←−
T (m) for the sequence [a1, a2, . . . , am − 1, . . . , an]
respectively.
Proof. The result follows since
T1(m) = (am − 1)T (m− 1) + T (m− 2),
and
←−
T 1(m) = (an−m+1 − 1)
←−
T (m− 1) +
←−
T (m− 2).

3. Main Results
We first prove the following lemma that will be used in proof of the main result of this paper.
Lemma 3.1. Let L be a quasi-alternating link diagram at the crossing c, then
det(L′) =
{
T (n) det(L0) +
←−
T (n− 1) det(L1), if sign(c) = −1,
T (n) det(L1) +
←−
T (n− 1) det(L0), if sign(c) = 1,
where L′ is the link diagram obtained from L by replacing the crossing c by a rational tangle
that extends c with slope
T (n−1)
T (n) .
Proof. We prove the case where sign(c) = −1 and the other case will follow by taking mirror
image. Let [a1, a2, . . . , an] be the continued fraction of nonnegative integers of the rational
tangle with slope T (n−1)
T (n) .
We use induction on the number of denominators of the continued fraction. It is clear that
the case holds for n = 1 by just doing simple induction on the length of a1. We assume that
the result holds for all rational tangles of number of denominators equal to n−1, i.e for the any
rational tangle with continued fraction [a1, a2, . . . , an−1]. Now we want to show that the result
holds for any rational tangle of continued fraction [a1, a2, . . . , an]. Again we apply induction
but this time on an. In the case that an = 1, then the continued fraction is given by the
sequence [a1, a2, . . . , an−1 + 1] and hence the result follows by the induction hypothesis. Now
suppose that the result holds for an = k, we want to show the result for an = k + 1. We have
to consider two cases of n being either even or odd. First, we assume that n is odd. Now we
smooth one of the crossings in an and we obtain
det(L′) = det(L′0) + det(L
′
1)
= T (n− 1) det(L0) +
←−
T (n− 2) det(L1) + T1(n) det(L0) +
←−
T 1(n− 1) det(L1)
= (T (n− 1) + T1(n)) det(L0) + (
←−
T (n− 2) +
←−
T 1(n− 1)) det(L1)
= T (n) det(L0) +
←−
T (n− 1) det(L1).
In the case that n is even the result follows since the first two terms in the second equality
equal to det(L′1) and the last two terms equal to det(L
′
0). 
Now we state our main theorem that is a natural generalization of [CK, Theorem. 2.1].
Theorem 3.2. If L is a quasi-alternating link diagram at some crossing c, then L∗ obtained
by replacing the crossing c by a product of rational tangles that extends the crossing c is quasi-
alternating.
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’
L
1
’
Proof. Let L be a quasi-alternating link diagram at the crossing c. We may assume that
sign(c) > 0 as shown in figure 1 by taking the mirror image if it is needed. We follow the same
notation as in the proof of [CK, Theorem. 2.1]. To be more precise, we let Ln denote the link
diagram with |n| additional crossings inserted at c, which are vertical half-twists if n > 0 and
horizontal half-twists if n < 0.
To show our result, we know that L2 is quasi-alternating as a result of [CK, Theorem. 2.1].
Moreover, L2 is quasi-alternating at any one of these two crossings c1, c2 that replaces c. Now
we replace the crossing c1 in L
2 by any rational tangle that extends c1 to obtain a new quasi-
alternating link diagram L2
′
at any crossing of this rational tangle as a result of [CK, Theo-
rem. 2.1].
We show that L2
′
is quasi-alternating at the crossing c2. Now if we smooth L
2′ at the crossing
c2, we obtain L
2′
0 that is the link diagram of L
′ where L′ is the link diagram obtained from L
by replacing c by the same rational tangle that has been used before to extend the crossing c1
which quasi-alternating as a result of [CK, Theorem. 2.1]. Also, we obtain the link diagram L2
′
1
that is a connected sum of a rational link and L1 which is quasi-alternating as a result of [CK,
Lemma. 2.3].
Finally, we check that the determinant is additive at the crossing c2. We use Lemma 3.1, to
obtain
det(L2
′
) = T (n) det(L) +
←−
T (n− 1) det(L1)
= T (n)(det(L0) + det(L1)) +
←−
T (n− 1) det(L1)
= T (n) det(L0) +
←−
T (n− 1) det(L1) + T (n) det(L1)
= det(L′) + det(L2
′
1 )
= det(L2
′
0 ) + det(L
2′
1 ).

Corollary 3.3. [CK, Theorem. 3.2(1)]
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(1) If q > min{p1, p2, . . . , pn}, then the pretzel link P (p1, p2, . . . , pn,−q) is quasi-alternating
for n, p1, p2, . . . , pn, q ≥ 2.
(2) If p > min{q1, q2, . . . , qm}, then the pretzel link P (p,−q1,−q2, . . . ,−qm) is quasi-alternating
for m, p, q1, q2 . . . , qm ≥ 2.
Proof. We show the first case and the second case follows by taking the mirror image. We may
assume that min{p1, p2, . . . , pn} = p1. We start with the pretzel link diagram P (p1, 1,−q) to be
our link L. It is clear that if we smooth L at the crossing of the middle tassel then we obtain that
L0 = T (2, p1)#T (2,−q) which is quasi-alternating by [CK, lemma. 2.3] and L1 = T (2, p1 − q)
which is also quasi-alternating since it is alternating. Now we have
det(L) = p1q + q − p1 = det(L0) + det(L1).
Finally, we apply the theorem 3.2 to obtain the required result. 
Theorem 3.4. The Montesinos link L = M(e; (α1, β1), (α2, β2), . . . , (αr, βr)) in standard form
is quasi-alternating if one of the following conditions is satisfied
(1) e ≤ 0;
(2) e ≥ r + 1;
(3) e = 1 with αi
αi−βi
> min{
αj
βj
| j 6= i} for some 1 ≤ i ≤ r;
(4) e = r with αi
βi
> min{
αj
αj−βj
| j 6= i} for some 1 ≤ i ≤ r.
Proof. We prove each case separate
(1) The Montesinos link with the given condition has an equivalent descriptionM(e; (α1, β1),
(α2, β2), . . . , (αr , βr)) in standard form with e ≤ 0. The associated diagram is connected
and alternating, so the link is quasi-alternating.
(2) It is enough to show that its mirror image is quasi-alternating. The mirror image of the
given link has a description M(−e; (α1,−β1), (α2,−β2), . . . , (αr,−βr)). Now this link
has an equivalent description in standard formM(−e+r; (α1, α1−β1), (α2, α2−β2), . . . ,
(αr, αr − βr)). Hence the result follows from the first case since −e+ r ≤ 0.
(3) In this case, we start with the Montesinos link diagramL′ with a descriptionM(0; (α1, β1),
(1, 1), (αi, βi − αi)) with
αi
αi−βi
> α1
β1
.
We show that this diagram is quasi-alternating at the only crossing in the second
integer tangle. It is easy to see that L′0 is a 4-plate and by [BS] we know that it is a
rational link hence it is quasi-alternating. Also, L′1 is a connected sum of two rational
links hence it is quasi-alternating by [CK, Lemma. 2.3]. To show the additivity of the
determinant at this crossing, we use the main result of [QQ] to obtain the determinant
of the links L′ and L′0
det(L′) = α1αi + αiβ1 − α1(αi − βi);
det(L′0) = |αiβ1 − α1(αi − βi)|;
Also, we know that
det(L′1) = det(Kα1,β1#Kαi,βi−αi) = det(Kα1,β1) det(Kαi,βi−αi) = α1αi.
For the determinant to be additive at that crossing, we have to have
αiβ1 − α1(αi − βi) > 0
αiβ1 > α1(αi − βi)
αi
αi − βi
>
α1
β1
.
Now since L′ is quasi-alternating at the given crossing, then we apply theorem 3.2 to
obtain a quasi-alternating Montesinos link with the given description.
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(4) Again it is enough to obtain the result for the mirror image of the given link. The mirror
image of the given link has a description M(−r; (α1,−β1), (α2,−β2), . . . , (αr ,−βr)).
Now this link has an equivalent description in standard formM(0; (α1, α1−β1), (α2, α2−
β2), . . . , (αr, αr − βr)). Finally, the result follows from the third case.

Proposition 3.5. The above theorem generalizes the sufficient condition of [G, Theorem. 1.4].
Proof. All cases of [G, Theorem. 1.4] follow directly from the cases of the above theorem
by putting the pretzel link into a standard form except the second case. This case fol-
lows from the second case of the above theorem since the link has a description M(−m +
1; (p1, 1), (p2, 1), . . . , (pn, 1), (q1,−1), (q2,−1), . . . , (qm,−1)) that has an equivalent description
M(1; (p1, 1), (p2, 1), . . . , (pn, 1), (q1, q1−1), (q2, q2−1), . . . , (qm, qm−1)) with q1 > min{p1, p2, . . . ,
pn,
q2
q2−1
, . . . , qm
qm−1
} since qj ≥ 3 for 1 ≤ j ≤ m. 
Proposition 3.6. All classes of quasi-alternating Montesinos links detected by Widmar in [W,
Theorem. 1.2 and the only Remark] fall into the third case of theorem 3.4.
Proof. We prove each case separate, but first we assume R is any positive rational tangle of
slope β
α
.
(1) The link L = L(a1a2, R,−n) with 1 + a1(a2 − n) < 0 has an equivalent description in
standard form M(1; (a1a2 + 1, a1), (α, β), (n, n− 1)). So we have
1 + a1(a2 − n) < 0 ⇐⇒ a1(a2 − n) < −1
⇐⇒ a1a2 − na1 < −1
⇐⇒ −na1 < −(1 + a1a2)
⇒ n >
a1a2 + 1
a1
≥ min{
a1a2 + 1
a1
,
α
β
};
(2) The link L = L(a1a2, R, (−c1)(−c2)) with a2 ≤ c2 and a1 > c1 has an equivalent
description in standard form M(1; (a1a2 + 1, a1), (α, β), (c1c2 + 1, c1c2 + 1− c1). So we
have
a2 ≤ c2 and a1 > c1 ⇒ a1c1c2 + a1 > c1a1a2 + c1
⇒
c1c2 + 1
c1
>
a1a2 + 1
a1
≥ min{
a1a2 + 1
a1
,
α
β
};
(3) The link L = L(a1a2a3, R,−n) with a3 < n has an equivalent description in standard
form M(1; (a1a2a3 + a1 + a3, a1a2 + 1), (α, β), (n, n− 1)). So we have
n > a3 ⇒ n > a3 +
a1
a1a2 + 1
⇒ n >
a1a2a3 + a1 + a3
a1a2 + 1
≥ min{
a1a2a3 + a1 + a3
a1a2 + 1
,
α
β
};
(4) The link L = L(a1a2a3, R, (−c1)(−c2)(−c3)) with
1+a1a2
1+c1c2
> a1+a3+a1a2a3
c1+c3+c1c2c3
has an equiv-
alent description in standard form M(1; (a1a2a3 + a1 + a3, a1a2 + 1), (α, β), (c1c2c3 +
c1 + c3, (c1c2c3 + c1 + c3)− (c1c2 + 1))). So we have
1 + a1a2
1 + c1c2
>
a1 + a3 + a1a2a3
c1 + c3 + c1c2c3
⇐⇒
c1 + c3 + c1c2c3
1 + c1c2
>
a1 + a3 + a1a2a3
1 + a1a2
⇒
c1 + c3 + c1c2c3
1 + c1c2
>
a1 + a3 + a1a2a3
1 + a1a2
≥ min{
a1 + a3 + a1a2a3
1 + a1a2
,
α
β
}.

The following proposition generalizes [CK, Proposition. 3.1]:
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Proposition 3.7. The Montesinos link L = M(e; (α1, β1), (α2, β2), . . . , (αr, βr)) in standard
form is not quasi-alternating if 1 < e < r.
Proof. The Montesinos link in this case has an equivalent descriptionM(0; (α1, β1−α1), (α2, β2−
α2), . . . , (α|e|, β|e| − α|e|), (α|e|+1, β|e|+1), . . . , (αr, βr)) that is a non-alternating diagram ob-
tained by summing two strongly alternating 4-end tangles. Hence, it is adequate nonalternating
diagram by [LT, Page. 532] and by [K, Proposition. 5.1] the link is not quasi-alternating since
it is homologically thick.

Finally, we give some examples of Montesinos knots that are known to be not quasi-alternating.
Example 3.8. The knots 946 and 11n50 are Montesinos knots that are given by the descriptions
in standard form M(1; (3, 1), (3, 1), (3, 2)) and M(1; (5, 3), (5, 2), (3, 1)) respectively. These two
knots do not satisfy the condition mentioned in the third case of theorem 3.4 and they are
known to be not quasi-alternating the first knot by [G, Proposition. 2.2] since it is the pretzel
knot P (3, 3,−3) and the second knot by [G, Theorem. 1.3].
Example 3.9. The following list of Montesinos knots in standard form are candidates for
homologically thin non quasi-alternating knots as stated in [JS, Page. 4]. We checked by hand
that these knots do not satisfy the condition mentioned in the third case of theorem 3.4.
(1) 12n145 = M(1; (5, 3), (5, 2), (4, 1));
(2) 13n1408 = M(1; (7, 4), (5, 2), (5, 2));
(3) 13n2006 = M(1; (7, 4), (7, 3), (3, 1));
(4) 13n3142 = M(1; (5, 3), (11, 4), (3, 1)).
We end this paper with the following conjecture that is supported by the above two examples.
Conjecture 3.10. Theorem 3.4 characterizes all quasi-alternating Montesinos links in standard
form. In other words, any quasi-alternating Montesinos link has to satisfy one of the conditions
of the above theorem.
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